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Abstract. In this paper we study the relationship between the extended symmetries of exact
Courant algebroids over a manifold M defined in [1] and the Poisson algebras of admissible
functions associated to twisted Dirac structures when acted by Lie groups. We show that
the usual homomorphisms of Lie algebras between the algebras of infinitesimal symmetries of
the action, vector fields on the manifold and the Poisson algebra of observables, appearing
in symplectic geometry, generalize to natural maps of Leibniz algebras induced both by the
extended action and compatible moment maps associated to it in the context of twisted Dirac
structures.
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1. Introduction
Let TM = TM ⊕ T ∗M denote the standard exact Courant algebroid associated to a smooth
manifold M , equipped with the natural symmetric pairing
〈X ⊕ α, Y ⊕ β〉 =
1
2
(iXβ + iY α), (1)
where X ⊕ α, Y ⊕ β ∈ Γ(TM), and the twisted Dorfman bracket
[X ⊕ α, Y ⊕ β]H = [X,Y ]⊕ (LXβ − iY dα − iY iXH) , (2)
where the twisting is given by the closed 3-form H on M . Let LH < TM be a Dirac structure on
M , i.e. a sub-bundle of TM which is involutive under the bracket (2) and maximally isotropic
with respect to 〈·, ·〉. The antisymmetrization of the bracket (2) gives rise to the twisted Courant
bracket [5][12]
[X ⊕ α, Y ⊕ β]H = [X,Y ]⊕
(
LXβ − LY α−
1
2
d(iXβ − iY α) − iY iXH
)
, (3)
which, when evaluated on sections of LH , coincides with the twisted Dorfman bracket (2).
Twisted Dirac structures appear naturally in Poisson geometry when, for example, a reduc-
tion of a (twisted or non-twisted) Dirac structure is performed [1]. In quantum field theory and
superstring theory, the form H has an interpretation as the Neveu-Schwarz 3-form [8]. In [3] it
has been shown that, associated to a twisted Dirac structure LH , there is a Poisson algebra of
admissible functions (the case of non-twisted Dirac structures, studied by Courant and Weinstein
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in [5][6], is a particular case of this construction). In general, a section X ⊕ α ∈ Γ(LH) is called
an admissible section, or admissible pair, if [3]
dα+ iXH = 0,
and a smooth function f on a manifold M with a twisted Dirac structure LH is called H-
admissible if there exists a smooth vector field Xf on M such that (Xf , df) ∈ Γ(LH) is an ad-
missible pair, i.e. if iXfH = 0. We will denote by C
∞
LH
(M) the Poisson algebra of H-admissible
functions on M associated to LH .
In the case of Dirac structures associated to Poisson and symplectic structures on M , which
cannot be twisted, the set of admissible functions is all of C∞(M), but in general it is not the
case [3]. If a function f is H-admissible, we will call a vector field Xf such that (Xf , df) is a
section of LH a Hamiltonian vector field associated to f . In [3] it is shown that, in spite of the
fact that Hamiltonian vector fields are not unique in general, the bracket
{f, g} = LXf g (4)
defines a Poisson algebra structure on the space C∞
LH
(M) of H-admissible functions on M (gen-
eralizing the classical result of [5]). In this paper we study the relation between the algebra of
admissible functions in the twisted case and the notion of moment map associated to extended
actions of Lie groups on exact Courant algebroids, defined in [1]. In particular we prove that
extended actions on Dirac structures, with compatible moment maps, induce natural equivariant
maps on the Lie algebra of vector fields and the Poisson algebra of admissible functions associated
to the Dirac structure, giving rise to a relationship between Leibniz algebras and Poisson algebras
of functions associated to Dirac structures which generalize the known facts in symplectic and
Poisson geometry.
The paper is organized as follows. In section we recall the notion of admissible pair for sec-
tions of Courant algebroids and Dirac structures, and the construction of the Poisson algebra
associated to a twisted Dirac structure given in [3]. In section 3 we recall the notions of Leibniz
and Courant algebras, and we use them to extend some results in [1] to the case of extended
actions of Lie groups on exact Courant algebroids twisted by a closed 3-form, together with the
notion of moment map associated to such extended actions. In the last section we introduce the
notion of Dirac actions and show, in theorem 4.1, under which circumstances the usual morphisms
of Lie algebras associated to Hamiltonian actions on symplectic manifolds can be recovered in
this context, in terms of morphisms of Leibniz algebras.
2. Poisson Algebras Associated to Twisted Dirac Structures
Let us consider, for H ∈ Ω3(M) closed, a twisted Dirac structure LH < TM on M , i.e. a
sub-bundle of TM which is involutive under the bracket (2) and maximally isotropic with respect
to 〈·, ·〉 [12]. As a first example consider the Dirac structure defined by
Lh = {(X, iXh) ∈ Γ(TM) | X ∈ X(M)}, (5)
i.e. the graph in TM of a non-degenerate 2-form h. It follows from the definition of the twisted
bracket (2) that this Dirac structure is integrable if and only if dh − H = 0, so that h cannot
be closed in general (such a h is called a H-closed 2-form in [12]). Particular cases of Dirac
manifolds for which H = 0 are Poisson and symplectic manifolds (which correspond to graphs,
in the generalized tangent bundle TM , of the corresponding Poisson bi-vector and symplectic
form, respectively). In these particular cases, the Poisson algebra structure on C∞(M) is defined
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by the action of Hamiltonian vector fields on smooth functions given by (4). In general, even in
the non-twisted case, the Poisson algebra associated to a Dirac structure L on M can be smaller
than C∞(M) since (4) defines a Poisson bracket only on admissible functions associated to the
Dirac structure, i.e. those functions f ∈ C∞(M) such that (Xf , df) ∈ Γ(L) for some Xf ∈ X(M)
(see e.g.[5][6]). A further reduction is necessary in the case of twisted Dirac structures [3].
2.1. Admissible functions in the twisted case. The notion of Dirac manifold (M,L) as a sub-
bundle of TM = TM⊕T ∗M can be generalized to its higher analogues in TkM = TM⊕ΛkT ∗M ,
in the sense of [16], where the integer k ≥ 0 will be called the order of the Dirac structure. Since
Γ(TkM) = X(M) ⊕ Ωk(M), the twisting in the corresponding Dorfman bracket (2) at order k
will be given by a closed (k + 2)-form on M . For X ⊕ α, Y ⊕ β ∈ Γ(TkM), the twisted Dorfman
bracket can be written as
[X ⊕ α, Y ⊕ β]H = LXY + LXβ − iY (dα + iXH), (6)
where H ∈ Ωk+2cl (M), so that imposing dα + iXH = 0 is equivalent to impose a completely
diagonal adjoint action of X ⊕ α on Γ(TkM):
adX⊕α =
(
LX 0
0 LX
)
. (7)
Actually, this is equivalent to consider the couple (X,α) as a geometric symmetry of the dif-
ferential graded Lie algebra associated to the dg-manifold Der•(T [1]M ⊕ R[k], QH), where the
homological vector field is given by
QH = d+H∂t, (8)
d denotes the de Rham differential and H ∈ Ωk+2cl (M) is the twisting. As a matter of fact, the
twisted Dorfman bracket (2) is known to be the derived bracket obtained from the complex of
derivations Der•(T [1]M ⊕R[k], QH) (see [11][13][14]). In [3], these facts are used to motivate the
following
Definition 2.1. Let LH in Γ(T
kM) be a H-twisted Dirac structure of order k, where H ∈
Ωk+2(M) is closed. A smooth section X⊕α ∈ Γ(LH) is called an admissible section, or admissible
pair, if
dα+ iXH = 0. (9)
We will denote by ΓH(T
kM) the space of admissible pairs in Γ(TkM).
Notice that, when k = 0, Γ(T0M) = X(M)⊕C∞(M) and interpreting the twisting 2-form as
a symplectic form on M , condition (9) for a section (X, f) in Γ(T0M) is nothing but the usual
definition of the Hamiltonian vector field associated to f . When k = 1 equality (9) gives rise to a
exact derivation of the exact Courant algebroid TM , in the sense of [1]. If LH is a twisted Dirac
structure in Γ(T1M) = X(M)⊕ Ω1(M) it also gives a criterium to identify a Poisson algebra of
functions on M [3].
Definition 2.2. A smooth function f on a manifold M with a twisted Dirac structure LH is
called H-admissible if there exists a smooth vector field Xf on M such that (Xf , df) ∈ Γ(LH)
is an admissible pair, i.e. if iXfH = 0. We will denote by C
∞
LH
(M) the space of H-admissible
functions on M .
If there is no twisting this definition of admissible function coincides with the one of Courant
in [5]. On the other hand, if the twisting is non-trivial, the set of H-admissible functions may
be smaller than the space of admissible functions in the usual sense but, as shown in [3], it is a
non-trivial Poisson algebra.
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Theorem 2.1. Let f, g be H-admissible functions on M with respect to the twisted Dirac struc-
ture LH , where H ∈ Ω
3(M) is closed. Then the product fg and the bracket {f, g} defined by (4)
are H-admissible functions. Moreover, such a bracket satisfies both Leibniz and Jacobi identities,
and then it defines a Poisson algebra structure on the space C∞
LH
(M).
It is straightforward to see that restricting the twisted Dorfman bracket (2) to admissible pairs
(Xf , df) and (Xg, dg) gives [3]
[(Xf , df), (Xg, dg)]H = ([Xf , Xg], d{f, g}), (10)
generalizing the result already found in [5] in the non-twisted case. Moreover, since
i[Xf ,Xg ]H = LXf iXgH − iXgLXfH = −iXgdiXfH + iXg iXf dH = 0,
equation (10) implies that {f, g} is H-admissible and
[Xf , Xg] = X{f,g}. (11)
Example 2.1. Consider the Dirac structure defined in (5), i.e. the graph in TM of a non-
degenerate 2-form h. It follows from the definition of the twisted bracket (2) that this Dirac
structure is integrable if and only if dh − H = 0, and if the functions f, g, h ∈ C∞
LH
(M) are
H-admissible,
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = H(Xf , Xg, Xh) = 0,
so that Jacobi identity holds. Notice that, being a graph of a non-degenerate 2-form, the twisted
Dirac structures associates to any function a Hamiltonian vector field Xf , but f is a H-admissible
function through the condition iXfH = 0 on Xf . Actually, a pair (Xf , df) in Lh is H-admissible
if and only if LXfh = 0.
This Poisson algebra of functions is not trivial in general: Let (M,ω) be a symplectic manifold
and consider the 2-form h = ϕ ·ω, where ϕ ∈ C∞(M) has been chosen to make h non-degenerate.
Then the twisted Dirac structure (5) is integrable with respect to the twisted Courant bracket (2)
if and only if H = dh = dϕ∧ω. For any f ∈ C∞(M) there exists a vector field Xf ∈ X(M) such
that df = −iXfh, (Xf ,−df) ∈ Γ(LH), but a smooth function f is H-a dmissible if and only if
LXfh = {f, ϕ}ω = 0.
Thus, in the cases in which ϕ is the Hamiltonian function for a dynamical system with phase
space (M,ω), an observable f ∈ C∞(M) is H-admissible if and only if it is a constant of motion.
This example suggests that condition (9) is a symmetry condition when applied on functions.
In section 4 we will show that this is the case since, actually, it combines both the requirement
for an action of a Lie group on M to extend to an action on the exact Courant algebroid TM ,
and the requirements for this extended action to have a compatible moment map associated to
it.
3. Extended actions and moment maps
Given a smooth action of a Lie group G on a manifold M , let us denote by
ψ : g→ X(M) (12)
the associated infinitesimal action of g, the Lie algebra of G, on M , which associates to each
element ξ in g the corresponding infinitesimal generator of the action Xξ ∈ X(M). In this section
we recall the notion of Leibniz [10] and Courant algebra, and the definition of extension of the
infinitesimal action to the exact Courant algebroid TM [1]. We show that the notion of admissible
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pair given in (9) can be used to characterize such extensions and also that g-equivariant maps
can be used to produce extensions in the case of Courant algebroids twisted by an exact 3-form.
The notion of moment map associated to an extended action [1] is also recalled.
3.1. Extended actions of Lie groups. In order to define an extension of the action ψ : g →
X(M) to sections of the exact Courant algebroid TM = TM ⊕ T ∗M , the notion of Courant
algebra was introduced in [1]. Recall that a Leibniz algebra (ℓ, [·, ·]ℓ) is an algebra for which the
bilinear operation
[·, ·]ℓ : ℓ× ℓ→ ℓ
is a derivation, i.e.
[a, [b, c]ℓ]ℓ = [[a, b]ℓ, c]ℓ + [b, [a, c]ℓ]ℓ (13)
for all a, b, c ∈ ℓ [10]. A morphism of Leibniz algebras is a homomorphism f : ℓ→ ℓ′ such that
f([a, b]ℓ) = [f(a), f(b)]ℓ′ (14)
for all a, b ∈ ℓ. A Leibniz algebra (ℓ, [·, ·]ℓ) for which the bracket [·, ·]ℓ is antisymmetric is nothing
but a Lie algebra. It follows that, taking the quotient of a Leibniz algebra ℓ by the ideal generated
by the brackets of the form [a, a]ℓ, for all a ∈ ℓ, we obtain a Lie algebra gℓ, and the quotient
map fℓ : ℓ → gℓ is a morphism of Leibniz algebras. A natural way to build Leibniz algebras is
considering g-modules and g-equivariant maps, where g denotes a Lie algebra. If ℓg is a g-module
and ξ · η denotes the action of ξ ∈ g on η ∈ ℓg, an application µ : ℓg → g such that
µ(ξ · η) = [µ(η), ξ]g
induces a Leibniz algebra structure on ℓg given by
[η, η′]ℓg = µ(η
′) · η, (15)
where η, η′ ∈ ℓg. Here again, the map µ : ℓg → g is a morphism of Leibniz algebras. Actu-
ally, every Leibniz algebra can be seen as one of this type; this is the model of what is called
a Courant algebra in [1] (see [10] for more involved examples and applications of Leibniz algebras).
A Courant algebra over a Lie algebra g is a Leibniz algebra (a, [·, ·]a) with a morphism π : a → g
of Leibinz algebras, i.e.
π([a, b]a) = [π(a), π(b)]g, (16)
for all a, b, c ∈ g. If π is a surjective homomorphism and its kernel h = kerπ is abelian (with
respect to [·, ·]a) the Courant algebra is called exact, and in this case there is a natural g-module
structure on h = kerπ given by the adjoint action with respect to [·, ·]a: If η ∈ h and a ∈ a is
such that π(a) = ξ the map
ξ · η = [a, η]a (17)
defines an action of g on h.
Definition 3.1. An extension of the action of a Lie group G on a manifold M to the Courant
algebroid TM is an exact Courant algebra a over g, together with a Courant algebra morphism
ρ : a → Γ(TM) such that h acts trivially and the induced action of g on Γ(TM) integrates to a
G-action on TM .
Since the Courant algebroid TM we are working with is exact, as noticed in [1], such an
extension gives rise to a commutative diagram
0 −→ h −→ a
π
−→ g −→ 0
↓ ν ↓ ρ ↓ ψ
0 −→ Γ(T ∗M) −→ Γ(TM)
π
TM−→ Γ(TM) −→ 0
(18)
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in which the image of h = kerπ under ν is contained in Ω1cl(M) and, in order the action to
integrate to a G-action over TM , we need a g-invariant splitting of TM . It turns out that this
condition is equivalent to ask the image of ρ to be given by admissible pairs in the sense of
Definition 2.1 (see also [1]):
Proposition 3.1. Let G be a compact Lie group acting on a smooth manifold M and let π : a → g
be an exact Courant algebra with a morphism ρ : a → Γ(TM) such that ν(h) ⊂ Ω1cl(M). Then ρ
extends to an action of the Courant algebra a if and only if ρ(a) ⊂ ΓH(TM).
Proof. Since ν(h) ⊂ Ω1cl(M), it follows from (2) that h acts trivially, so we only have to verify
that the induced action of g on TM integrates to an action of G. It follows from (7) that, if
ρ(a) ∈ ΓH(TM) for all a ∈ a, the splitting in TM = TM ⊕T
∗M will be preserved and the action
will integrate to a G-action on TM . Conversely, given an extended action ρ, the usual averaging
argument will give a g-invariant splitting for TM 
Among the Courant algebras over a Lie algebra g induced by g-module structures, those in-
duced by semidirect products are particularly useful in order to define extended actions. Consider
a g-module h with left action
· : g× h→ g.
Restricting the adjoint action of g on g⋉h we have a Leibniz algebra, the hemisemiditect product
of g with h, defined in [9], which will be denoted by (ahg, ·), with multiplication given by
(ξ, η) · (ξ′, η′) = ([ξ, ξ′], ξ · η′) , (19)
for all (ξ, η), (ξ′, η′) ∈ g⊕ h.
Remark 3.1. Notice that an extended action ρ of the Courant algebra (a, [·, ·]a) over g on TM
gives rise naturally to a Courant algebra aM over (X(M), [·, ·]), given by aM = a and
ΠM : aM → X(M), (20)
where ΠM (a) = πTM (ρ(a)) for a ∈ a.
Recall that a map υ : h → Ωk(M) defined on a g-module h is called g-equivariant if
υ(ξ · η) = LXξυ(η) (21)
for all ξ, η ∈ ahg. The following proposition shows that equivariant maps give rise to natural
extensions of Lie algebra actions to hemisemidirect product algebra actions on twisted Courant
algebroids.
Proposition 3.2. Let G be a compact Lie group acting on a smooth manifold M and let h be
a g-module, where g denotes the Lie algebra of G. Given a g-equivariant map µ : h → C∞(M),
the map ρ : ahg → Γ(TM) given by
ρ(ξ, η) = (Xξ, α(ξ,η)), (22)
where Xξ = ψ(ξ) and α(ξ,η) = dµ(η) + iXξh, defines an extended action of the hemisemidirect
product (19) on the exact Courant algebroid TM , twisted by an exact 3-form H = dh, if and only
if LXξh = 0 for all ξ ∈ g.
Proof. Consider (ξ, η), (ξ′, η′) ∈ ahg. Then, using Cartan identities and (19), we find that
[ρ(ξ, η), ρ(ξ′, η′)]dh = [Xξ, Xξ′ ] + LXξ(dµ(η
′) + iXξ′h)− iXξ′d(dµ(η) + iXξh)− iXξ′ iXξdh
= X[ξ,ξ′] + dµ(ξ · η
′) + iX[ξ,ξ′]h
= ρ ((ξ, η) · (ξ′, ξ′)) ,
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since µ is g-equivariant. The result follows by Proposition 3.1, since dα(ξ,η) + iXξH = LXξh for
all ξ ∈ g 
Natural examples of extended actions on non-twisted Courant algebroids include the actions
commonly used in symplectic geometry. If we consider h = g in (19), and the adjoint action of g
on itself, we obtain the exact Courant algebra agg = g⊕ g over g, with bracket
[(ξ, η), (ξ′, η′)] = ([ξ, ξ′], [ξ, η′]) . (23)
Example 3.1. Let M be a smooth manifold and let ω be a closed non-degenerate 2-form on M .
Consider the Courant algebroid TM with H = 0, and an infinitesimal action ψ : g → X(M)
which integrates to a Lie group action on M . The map ρ : agg → Γ(TM) given by
ρ(ξ, η) = (Xξ, αη), (24)
where Xξ = ψ(ξ) and αη = iXηω, will give rise to an extended action whenever dαξ = 0 for all
ξ ∈ g. Indeed, as follows from (23),
[ρ(ξ, η), ρ(ξ′, η′)] = X[ξ,ξ′] + iX[ξ,η′]ω
= ρ ([(ξ, η), (ξ′, η′)]) ,
for all ξ, η ∈ g.
3.2. Moment Maps associated to Extended actions. A moment map for an extended g-
action ρ : a → Γ(TM) is a g-equivariant map
µ : h→ C∞(M) (25)
such that ν = dµ, i.e. satisfying
dµ(ξ · η) = Lψ(ξ)dµ(η), (26)
where ψ : g → X(M) denotes the infinitesimal action of G over M and ξ · η is the action
given by (17). In [1] the obstructions to the existence of moment maps associated to extended
actions have been studied. It also has been shown that this definition of moment map coincides
with the usual one in symplectic geometry when we consider the extended action given by (24)
on the Courant algebroid TM , when H = 0 and ω is the symplectic form. This definition
of moment map is actually equivalent to ask the map µ ⊕ ψ to induce an equivariant map
ρo : a → Γ(T
0M) ∼= X(M)⊕ C∞(M) such that the following diagram commutes:
0 ✲ h ✲ a
π
✲ g ✲ 0
0 ✲ Ω1(M)
ν
❄
✲ Γ(T1M)
ρ
❄
✲ X(M)
ψ
❄
✲ 0
0 ✲ C∞(M) ✲
✛
µ
d
✲
Γ(T0M) ✲
✛
ρ o
✲
X(M) ✲
✛
ψ
id
✲
0.
(27)
It is interesting to realize that, in this approach, the moment map is no longer attached to
the geometry, i.e. to any particular Dirac structure in the exact Courant algebroid TM , but
to the extended action itself. As a matter of fact, example 3.1 can be used to show that to
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any equivariant map µ : h → C∞(M), for a g-module h, it is possible to associate an extended
action ρ with moment map µ when H = 0 (see proposition 2.17 in [1]). Proposition 3.2 before
generalizes such result to the twisted case when the twisting is exact. In general, as we will see in
section 4, the existence of a moment map associated to an extended action amounts to “reduce”
the space C∞(M) in (27) to a Poisson algebra of admissible functions with respect to the twisting
in TM .
Remark 3.2. In [14] the equivariance of ν appears naturally when a Hamiltonian action of the
Lie group G on the dg-manifold Der•(T [1]M ⊕ R[k], QH) given in (8) is defined as a map of
Leibniz algebras
g→ GDer•(T [1]M ⊕ R[k], QH),
induced by the map of differential graded Lie algebras associated to the infinitesimal action.
Moreover, such maps of Leibniz algebras are characterized in terms of invariant forms in the
Cartan model of equivariant cohomology (see [14], lemma 4.8).
4. Dirac structures, admissible functions and symmetries
Let LH ≤ TM be a H-twisted Dirac structure on M , i.e. a sub-bundle of the exact Courant
algebroid TM which is involutive under the bracket (2) and maximally isotropic with respect
to the symmetric pairing (1). Consider an extended action ρ : a → Γ(TM) associated to an
infinitesimal action ψ : g→ X(M) of a Lie group G on M .
Definition 4.1. The extended action ρ will be called a Dirac action on LH if ρ(a) ∈ Γ(LH) for
all a ∈ a.
Notice that the Dirac structure LH will be preserved by any Dirac action ρ : a → Γ(TM) on
it, i.e. [ρ(a),Γ(LH)]H ⊂ Γ(LH) for any a in the Courant algebra a. Dirac structures preserved
by extended actions give rise to reduced Dirac structures [1]. In this section we will show that,
provided the existence of moment maps, Dirac actions induce natural equivariant maps between
Courant algebras over the Lie algebra g, giving rise to a relationship between Lie algebras and
Poisson algebras of functions associated to Dirac structures which generalize the known facts in
symplectic and Poisson geometry.
Let us first point out that, if ρ(a) = (Xa, αa) defines a Dirac action, then the vector field Xa
should be a symmetry of the twisting, i.e. LXaH = 0 for all a ∈ a. As consequence of proposition
3.1 and remark 3.1 we have that both tangent and cotangent components of a Dirac action ρ are
given by equivariant maps:
Lemma 4.1. Let ρ(a) = (Xa, αa) denote a Dirac action on a twisted Dirac structure LH . Then,
for any a, b ∈ a,
X[a,b]a = LXaXb (28)
and
α[a,b]a = LXaαb. (29)
Recall that in an exact Courant algebra h = kerπ → a
π
−→ g the action η · ξ = [a, ξ]a defines
a g-module structure on h, where η ∈ h and a ∈ a is such that π(a) = ξ. It follows then from
(28) and (29) that, in particular, the maps X : h → X(M) and α : h → Ω1(M), defined by each
component of the extended action, are equivariant in the sense of (26), i.e. Xξ·η = LXξXη and
αξ·η = LXξαη for all η ∈ h and ξ ∈ g. Actually (28) was already observed in remark 3.1, and
we will show that —provided the existence of a compatible moment map associated to the Dirac
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action— equation (29) induces a Courant algebra structure over (C∞
LH
(M), {·, ·}), the Poisson
algebra given by theorem 2.1.
An admissible function f in the Poisson algebra C∞
LH
(M), associated to the H-twisted Dirac
structure LH ≤ TM , is a function for which there exists a vector field Xf such that (Xf , df) is
an admissible pair in LH , in the sense of definition 2.2. If a Lie group G acts on M by infinites-
imal symmetries, and such an action extends to an action ρ : a → Γ(TM) of a Courant algebra
on the exact Courant algebroid TM , we have seen in proposition 3.1 that ρ(a) = (Xa, αa) is an
admissible pair for any a ∈ a, i.e. iXaH + dαa = 0. For example, in the particular case of the
extended action ρ : g ⊕ g → Γ(TM) given in example 3.1, considering the Dirac structure Lh
associated to a non-degenerate 2-form h (non necessarily closed, see example 2.1) given in (5),
with twisting H = dh, the condition on ρ to be a Dirac action implies that we have a “diagonal”
extended action: ρ(a) = (Xπ(a), iXpi(a)h). Thus,
ρ([a, a′]g⊕g) = [ρ(a), ρ(a
′)] = X[ξ,ξ′] + iX[ξ,ξ′]h,
where π(a) = ξ and π(a′) = ξ′. Moreover, since ρ(a) = Xπ(a) + iXpi(a)h is an admissible pair, it
follows that the vector field Xξ = ψ(ξ) is “locally hamiltonian”, i.e. LXξh = 0 for any ξ ∈ g.
In this case a moment map µ : g → C∞(M) for such an extended action will give rise then to
admissible functions µξ ∈ C
∞
Lh
(M). If h is a closed form then for every smooth function f on M
there exists a Hamiltonian vector field Xf satisfying iXfh+ df = 0, so that C
∞
Lh
(M) = C∞(M)
and we have the usual morphisms of Lie algebras in symplectic geometry:
g
C∞(M)
X
✲
✛
µ
X(M)
ψ
✲
(30)
associated to the infinitesimal action, where we have used (11).
In general, since a moment map associated to an extended action is defined on the “abelian
part” of the Courant algebra π : a → g, this morphisms occurs very rarely. Given a Dirac action
ρ : agg = g ⊕ g → Γ(LH) : a 7→ (Xa, αa) of the Courant algebra a
g
g defined in (23) on a twisted
Dirac structure LH and a moment map µ : g → C
∞(M) for the extended action, we will say
that such a moment map is compatible with the action whenever
αa = dµπ¯(a), (31)
for all a ∈ a, where we denote by π¯(a) the pair (0, π(a)) in g⊕ g in order to distinguish it from
(0, π(a)), for which µπ(a) = µ(π(a), 0) = 0. In this case the morphisms in diagram (30) can be
seen as particular cases of the natural Leibniz algebra morphisms (Courant algebras) induced
both by the extended action and the moment map compatible with it when a = agg.
Theorem 4.1. Let ρ be an extended action of the Courant algebra (agg, [·, ·]agg) on TM , and let LH
be a twisted Dirac structure. If ρ is a Dirac action and there exists a moment map µ : g→ C∞(M)
compatible with it, then µ induces a Courant algebra structure over (C∞
LH
(M), {·, ·}), given by:
Πµ : aµ → C
∞
LH
(M), (32)
where aµ = a
g
g and Πµ(a) = µπ¯(a) for a ∈ a
g
g.
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Proof. Let ρ(a) = (Xa, αa) ∈ Γ(LH) denote the Dirac action of a
g
g and let µ : g→ C
∞(M) be
a moment map compatible with it. Then µ(η) ∈ C∞
LH
(M) for all η ∈ g and
Πµ([a, b]agg) = µ[π(a),π(b)]
= LXpi(a)µπ(b),
therefore, by (26) in Lemma 4.1 and the definition (4) of the Poisson bracket in C∞
LH
(M),
Πµ([a, b]agg) = {µπ(a), µπ(b)}, (33)
so that Πµ is a homomorphism of Leibniz algebras and a
g
g is a Courant algebra on C
∞
LH
(M) 
Thus, when the hypothesis of theorem 4.1 are fulfilled, we have a diagram of Leibniz algebra
morphisms of the form
agg
Γ(TM)
ρ
❄
C∞
LH
(M)
X
✲
✛
Π
µ
✛..
....
....
....
....
....
....
...
X(M)
Π
X
✲
ψ
✲
(34)
attaching the Lie algebra X(M) and the Poisson algebra C∞
LH
(M) to the Lie algebra of infinites-
imal symmetries g. The map ρo in the lower row of (27) ensembles the images of the Leibniz
algebra maps Πµ and ΠX as sections of T
0M . It is clear that diagram (34) becomes (30) when
H = 0 and the Dirac structure is the graph (5) of a closed non-degenerate 2-form.
Example 4.1. Consider the Dirac structure Lh defined in (5) as the graph in TM of the non-
degenerate 2-form h = ϕ · ω where ω denotes a symplectic form on M . This Dirac structure
is twisted by H = dϕ ∧ ω, and f ∈ C∞(M) is admissible if and only if LXfh = {f, ϕ}ω = 0.
Consider an action of a compact Lie group G on M such that ϕ is invariant, i.e. LXξϕ = 0 for
all ξ ∈ g. Then the extended action
ρ(a) = (Xπ(a), ip¯i(a)h),
for a ∈ agg is a Dirac action on Lh with compatible moment map µ. Since
LXξh = 0
for ξ ∈ g it follows that µξ ∈ C
∞
Lh
(M) for all ξ ∈ g, so that the image of such a moment map is
the set of “constants of motion”.
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